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ABSTRACT

A new characterization for the untvartate class of

now better than used (NBU) distributions in terms of

stochastic ordering is introduced. A multivariate

version of this characterization is then used to define

a multivariate class of NBU distributions. Basic

properties of this class are derived. Comparisons and

relationships of this new class with earlier classes

are developed. Two multivariate new worse than used

(NWU) classes of life distributions are defined and

compared and their basic properties are studied.

1. INTRODUCTION AND SUMMARY

The univariate "new better than used" (NBU) class

of life distributions was shown by Marshall and Proschan

(1972) to play a key role in the study of maintenance

policies. Basic properties of this class and its rela-

tionships to other untvariate classes have been developed

(see Bar'low and PAroschan (1975)).

In this paper a now characterization for the

b4
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univariate NBU class is introduced in terms of

stochastic ordering between appropriate random variables.

A natural multivariate extension of this characterization

is used to define a class of multivariate NBU distri-

butions (or equivalently random vectors). The advantage

of this characterization is to permit us to utilize the

well known properties of stochastic ordering to derive

the various preservation properties of this new class of

multivariate NBU distributions. In particular, simpler

proofs are given for some well known closure properties

of the univariate NBU class. Moreover such approach

adds more probabilistic flavor to the treatment of the

NBU class both in the univariate and multivariate cases.

Other versions of the multivariate NBU distributions

have been introduced and studied. See, e.g. El-Neweihi,

Proschan and Sethuraman (1980), and Marshall and Shaked

(1979). The multivariate lBU class given in this paper

is shown to be a proper subclass of the class given by

Marshall and Shaked except of course in the univariate

case where the two classes coincide.

In section 2 the multivariate NBU class of life

distributions in defined and its properties are studied.

In section 3, we compare our multivariate NBU class



with other classes of multivariate NBU distributions.

We also introduce the concept of NDU n-dimensional

processes and derive a simple closure property, Finally

in section 4, two multivariate classes of "new worse than

used" (4WU) life distributions are introduced and some

of their properties are studied.

Throughout, the term "increasing" is used to mean

"non-decreasing" and "decreasing" is used to mean "non-

increasing". A function f defined on IP is said to

be increasing if it is Increasing in each argument.

Vectors in Rn are denoted by x- (xl,...,x n ) and

x y means i. eLY, i M9 ...,n. Given two vectors

x and y In Rn X A Z denotes (xIAylP..,XnAYn)

where x A yi denotes min(xi,y ), - 1,,..,n. The

vector x v y Is similarly defined. Given a vector

x Ce, Q - f:r.< y where x <y means Xi< i

1,,,,n, The set o~j is denoted by n~

where 0 W (O,...,O).

A random variable X- (X1 *. . .,X ) is said to be

stochastically smaller than the random variable Y
st

(denoted by X K Y) if P(X ) x) _ P(Y > x) for every

real number x. The random vector X w (X1 ,...,x n ) is

said to be stochastically smaller than Y = (Y lf*""Yn)
St Stn

(denoted by - s Y) If f(X) j f(Y) for every real-

valued, borel measurable and increasing function f defined

aon.



If X and Y have the same distribution then we write

X s Y. It is well known that X tY ifandonlyif

P(X e U) K P(Y e U) for every upper open subset U of

Rn . (A set U c Rn is said to be an upper set if

x e U and x _y implies that y e U. (A lower set

is similarly defined).

We need only consider sets U of the form U QX_,
£1.1 -

where x l,...,x m  are m vectors in n Such sets are

called fundamental upper domains (see Block and Savits

(1979).

The following are well known preservation properties

for stochastic ordering that will be used throughout this

paper:

it Le Xma(i) Let X Y~ and f: R -> Rm  be an increasing
it

borel measurable function. Then f(X) f(Y).

(ii) Let fillpooX} and fyl . _*mf be two sets

of independent random vectors, where X1 ,yiY are n I

dimensional vectors, i = 1,...,m. Suppose X i ,

i- l,,,.m. Then (t

(iii) Suppose X i .at , i - 1,2,... e If X_ converges

to X In distribution (denoted by e d > X) andI~ d at_ h _' Y
T >Y then X K Y

Throughout the remainder of this paper all the



random variables (random vectors) considered are assumed

to be nonnegative.

2. A MULTIVARIATE NEW BETTER THAN USED CLASS OF LIFE
DISTRIBUTIONS AND ITS PROPERTIES

In this section a multivariate new better than used

class of life distributions (MNBU) is introduced and

its properties are studied.

First recall that a random variable X or its

corresponding distribution function F is said to be

NBU if

Y(s + t) _ V(s)7(t) for all s,t > 0, (2.1)

where 1 - F.

The following Lemma gives a characterization of the

NBU property.

Lemma 2.1. A random variable X is NBU if and only

if

x A X* for every 0 < a<1, (2.2)

stwhere X' and X' are independent and X - X' st XK

Proof. It is easy to verify that (2.1) is equivalent to

I.



Y(x) K 7(az)7(l-a)x) for every real number x and every

0 < a < 1. The relation (2.2) follows readily by observing

that Pa'AK > =) 7(cx)7(l-cz)x).

The natural multivariate extension of (2.2) is now

used to define the MNBU class.

Definition 2.2. A random vector X- (X 1 ,...,) is

st X' X
said to be a MNBU random vector if X =-- A --

a 1-a

for every 0 < a < 1, where X' and X' are independent

and X W IV _ X'.

The class of all such MNBU random vectors (of all

orders) is called the MNBU class. The following theorem

shows that the MNBU class enjoys many desirable pro-

perties. Utilizing the well known properties of sto.-

chastic ordering enables us to derive the properties of

the MNBU class with considerable ease. In particular,

simple proofs are given for the closure of this class

under convolution and formation of coherent systems.

Theorem 2.3. The following properties hold for the

MNBU class:

(PI) Let T be an NBU random variable. Then T is

1-dimensional MNBU.



(P2) Let T (T1 9*...9T) be MNBU. Then (Ti1 ,...*T )

is k-dimensional MNBU, 1 iI < ... < ik K n, k = l,...n.

(P3) Let T (Tl***T n) be MNBU. Then (T1, .00T )
1 n

is MNBU where wl.''"rn is a permutation of l,...,n.

(PA) Let T = (TI,...,Tn ) be MNBU and ai > 0,
n

i - l,...,n. Then E aiTi is NBU.
i-i

(P5) Let T- (T19...,Tn) be MNBU and ai > 0,

i - l,...,n. Then 1min a1T1  is NBU.

(P6) Let T be MNBU and rl,..., m be m life

functions of coherent systems of order n each. Then

T,)) is m-dimensional MNBU.

(P7) Let T- (T 1 ,...,Tn) be MNBU. Let f: R->R

be an increasing nonnegative borel measurable function
x f(x)

such that f(-) for all x g and all

0<a<l. Then f(T) is MNBU.

(PS) Let T,..,T be independent MNBU vectors of

dimension nl,...,nk respectively. Then 1 ,

is (nl+...+nk)-dimensional MNBU.

(P9) Let Tl,..., T be independent MNBU vectors of

order n each. Then T+ .. + Tk  is n-dimensional

*MNBU.



(PIO) Let Ti, i- 0,1,... be a sequence of MNBU random

vectors of the same order n. Assume Ti d> TO

Then T is MNBU .

Proof. (PI) is obvious.

(P2) through (P7). Since (P2) through (P6) are special

cases of P(7) we need only prove (P7).

Let T and T" be two independent copies of T and

0 < a < 1. By the given properties of f and the well

known properties of stochastic ordering we can easily

verify that f(T) St f(Tf) A f(T') • The random

vectors f(T) and f(T') are two independent copies

of f(T) and consequently f(T) is MNBU.

(P) Let (Zl) D,,(_.)',(T2)',(T2 )',...,._k),(.k)" be

mutally independent random vectors such that
iat i t (i = ,.,

Ti (T) (T), i- 1..,k. Let 0 < 1 < .ii a t (Zi7', (,I),

Then T < - A - , - 1,,.,.,k. Since

9 T 6 0.T'CI and .( .# (T.=-. A' J

are two sets of independent random vectors we have

(Tl; .Tk) It 1-(T a1 eA:-- - A... , Aa i- C Po*, k-t
((T:.),; ... T ), ̂  Tl)l.. ( b)"



Fk

The result now follows by observing that ((T1),..,(T)

and ((_))...,(T) are two independent copies of
1 a (Tp) °

(P9) The proof follows readily by (P7) and (P8).

(PlO) Let (Ti)* and (Ti)" be two independent copies

of T , i 0,1,2,... and let 0 < a < I. Since

s T A (T i 1,2,. and TJ d 0 and
_ = 1,,... andT n

A (i- > ----- A ( we have

st ( , T) 0
T ~ A and consequently T is MNBU. I

Remark 2.4. The closure of the univariate NBU class

under the formation of coherent systems and convolution

follow now as special cases of (P6),(P8) and (P9).

Remark 2.5. In view of theorem 2.3 one can construct

and identify various examples of MNBU random vectors.

In particular let TI,.. ,T n  be independent NBU random

variables an4 let s 0 Si c fl,...,n}, i = l,...,m, then

(i) (T1 ,...,Tn) is MNBU .

(ii) If T - min TV i = I,...,m, then (TI,., )

is MNBU. When the Ti's are exponential the random!*
vector (Ti ...., is the well known multivariate

... ..... ... . .. . I.. ..... .. . ...... . III l I . . .. ..... ..



exponential (MVE) of Marshall and Olkmn (1967).

(iii) If T. = T i= 1,e .,-, then)ji T" .

is MNBU.

(iv) The random vector (T(I),...,T(n)) of order

statistics corresponding to Tl,...,Tn is MNBU.

3. OTHER CLASSES OF MULTIVARIATE NEW BETTER THAN USED

DISTRIBUTIONS AND THEIR RELATION TO THE MNBU CIASS.

Various multivariate extensions of the univariate

NBU class are now available (see El-Neweihi, Proschan

and Sethuraman (1980) and Marshall and Shaked (1979)).

Each of these classes satisfies some of the desired pro-

perties which one would reasonably expect for a class of

multivariate NBU distributions. In this section we

compare the MNBU with most of these other classes. We

also introduce and discuss briefly a concept of NBU

vector-valued stochastic processes. A more detailed

discussion of this concept and its relation to the multi-

variate NBU classes will be given in another paper

(El-Neweihi, 1980).

Consider nonnegative random variables TI, ... Tn

whose minimum is not degenerate at 0 and whose Joint



distribution satisfies one of the following conditions:

(A) Tl , *. . Tn are independent and each Ti is an NBU

random variable.

(B) The random vector- T a (T1,..,Tn) has a represen-

tation Ti = ain X, where the random variables
j3Si

XI,.*. XM are independent NBU random variables
n

and 6 i S i  (1l,...,m), i - l,...,n and U Si - (l,..,mJ.

(C) T is MNBU.

(D) For every open upper set A c Rn and for every

a > 0, > 0 we have

P(T a (aL+)A) K P(_ e A)P(L e AA). (3.1)

(E) For all ai > O, i a l,...,n, min a.Ti is NBU.

(F) For each d P A m l,...,n), min Ti is an NBU
ieA

random variable.

(G) Each Ti is an NBU random variable.

Each of the classes of multivariate distributions

defined by (A)-(G) may be designated as a class of

multivariate NBU distributions. Our MNBU class is

quite analogous to the class defined by (D) and these



two classes are the only ones among the other classes

that enjoy all the properties in theorem 2.3. We now

compare these classes. In a recent paper by El-Neweihi,

Proschan and Sethuraman (1980) it was shown that A

(B) a (E) a (F) -* (G) and no other implication among

these five classes is possible. We now show that

(B) m (C) * (D) o (E) and no other implication among

these four classes is possible. In view of theorem 2.3

(B) * (C) is obvious. Also since the class defined

by (D) satisfy all the properties in theorem 2.3,

(D) a (E) is obvious. In the following lemma we

show that (C) - (D)

Lems, 3.1. Let T be MNBU. Then T satisfies

condition (D).

Proof. Let A be an upper open subset ofr and

a > 0 and S > 0. Let o' - and let T' and
T be two independent copies of T. Since (t+O)A

is an upper set we have
T T'

(' (a+5)A) K P(-,- A e (ao+)A). Also

T' T& T' T&

- P(Z aA)P(Z e 13A)



since TO and T* are independent copies if T. II

We now give examples to show that no other

implication among the classes (B),(C),(D) and (E) is

possible. First we need the following lemma

Lemma 3.2. Let T - (T1 9...,T n ) be a random vector

and let (t) - P(T1 > t T > tn) for all t e Rn.

Then T is MNBU if and only if

m

z F(t - 7(t:vt3 ) + ... + (l)m-lP(tl...tn)
imi l~iv: m

m

< (ti)l((1-z)ii) - (=(vtJ?(1-)( M a J)) +

+ (-l)3'IF(a(1t V...vtin))F((l-a)(11V...Vtm)) (3 .2 )

for every m and every 0 < a < 1 and every

1# p in .

Proof. By known properties of stochastic ordering T
- m T' T m
is 4NBU if and only if P(T e u ti) P(=-CA U u 0 )

-- l i-i -

for every 0 < a < 1, and all a vectors tl,...,t

in Rn  and every i. The result in (3.2) follows now

immediately by the inclusion-exclusion principle. 1



Example 3.3. Let 7(x,y) =e ,x 0 and y0O.

It is easy to show that 7(x,y) satisfies (3.2).

Indeed if T - (TI,T2 ) is the bivariate random vector

whose joint survival function is F(x,y), then
st T' T&

T A - for every 0 < a < 1, where To and

T" are two independent copies of T. It was shown in

the paper by El-Neweihi, et al (1980) that T cannot

satisfy B. Thus C pi B.

Example 3.4 . Consider (TIT 2) - (U,1-U) where U

is uniformly distributed on the unit interval. It was

shown by Block and Savits (1978) that (T1 ,T2 ) is

MIFRA. Since the MIFRA class of distributions is

contained in the class defined by (D) we have (TIT 2 )

must satisfy (D). Now to show that (TIT 2 ) does not

satisfy (C) take t 1Q,) and t0,W- (g,0). The left

hand side of (3.2) is 1 and the right hand side is

1(1-a) Thus (D) , (C)

Example 3.5. Suppose (T1,T 2 ) has density

f(tl9t2) -32 ~t
- 32 if t1 > o, t 2  0 and

t1+ t 2 K 1



64,

= if64i1 O t and

tl f Kt2 1 Kt2K*ti + t2 I

= 0 elsewhere

According to Esary and Marshall (1979) min(a1Tia 2T2 )

is NBU for every a, > OP a2 > 0. We now show that

max(Ti,T2 ) is not NBU. To see this note that

r(P - 1(an < 1 consequently

,> F(Z)7(l) .Now since the class defined by (D)

is closed under formation of coherent systems (T1 ,T2 )

does not satisfy (D). Thus (E) P( (D)

We conclude this section by giving a multivariate

extension of the concept of NBU process due to

El-Neweihi, Proschan and Sethuraman (1978). The

generalized NBU closure theorem given by these authors

is also extended.

Let (X(t), t > 0) be nonnegative decreasing right-

continuous n-dimensional stochastic process. For every

lower closed set C c in  let TC - inf(t: X(t) e C).

(With the convention inf 0 - +m).

Definition 3.6. The process (X(t), t 0) is said

to be NBU if TC is NBU for all C.

When n = 1 the above definition coincides with the

one given by El-Neweihi, et al (1978).



The following theorem gives a preservation property

of vector-valued NBU processes.

Theorem 3.7. Let (X(t), t > 0) be NBU process and

let 0 be a real-valued increasing nonnegative left-

continuous function on Ir. Then (O(X(t)),t > 0) is

a 1-dimensional NBU process.

Proof. First observe that if U is an open upper subset

of n  then (x(t) a U)- (TUC > tj for all t 1 0.

Now let Ta - inf(t:O(X(t)) _ a) and note that

(0(1(t)) > a) = Ta > tj for all a e R1  and all

t > 0. Let 0 < a < 1 be given then we have

P(Ta > t) - P(O(X(t)) > a) = PX(t) a U - PTU > t)

P(TU > CJtP(T U > (l-c)t) - P(X(at) a U) P(X((l-a)t) e U) -

P(Ta > a)P(Ta > (l-u)t), where U - (y:O(y) > a) is

an upper open subset of Rn . Thus Ta  is NBU for

every a and (O(X(t), t 0) is a 1-dimensional BU

process.

In the context of multistate coherent systems

(X(t), t 1 0) represents the components performance

process and 0 represent a montone structure function.

Thus theorem 3.7. can be viewed as a generalized BU

closure theorem (under formation of monotone systems).

a



4. MULTIVARIATE NEW WORSE THAN USED CLASSES OF

LIFE DISTRIBUTIONS.

The univariate "new worse than used" (NWU) class

of life distributions arises naturally in the study of

shock models and maintenacne policies (see Barlow and

Proschan (1975)). Among the most interesting properties

of this class is its closure under formation of certain

mixtures.

Each of the multivariate classes of 1BU life

distributions discussed in section 3 can be associated

naturally with a corresponding class of multivariate

NWU life distributions. In this section only two such

classes are defined and their properties are studied.

One of these classes is shown to be a proper subclass of

the other. A multivariate version of the closure of one

of these classes under special mixtures is given.

We begin by giving the following two definitions.

Definition 4.1. The random vector T - (T1 0040Tn) is
TO TPst

said to be a M4NWU if j A T- 0 < a <I,

where TO and To are two independent copies of T.

Definition 4.2. The random vector T - (T1,... )

is said to be a multivariate NWU if"I



P(Z e A) pq G( GA)p(T e (1-cz)A), for every 0 < a < 1

and every open upper set A RP+

The class of all MNWU vectors is called the MNWU

class and the class of all vectors satisfying definition

4.2. is called the strong MNWU class and is denoted by

SloWU.

Lema 4.3. Let T be a SMNWU vector then T is a

MNWU vector.

Proof. Let 0 < a<1 and A be an upper open set.

Then VT #TV

a a .-

P(T aA)P(T e (-a)A) K P(Z e A).

Thus T is a MNWU vector. 11

The following example shows that there exists a

MNWU vector which Is not MNWU.

Example 4.4. Let (T1 ,T2 ) be the bivariate random vector

whose survival pure distribution function is given by

N(x,y) ,4" xF+7 , x 1 0,, y > 0. It was shown in

example 3.3. that T c forevery 0 < a<

and consequently T is M WU. Now to see that T is



not SMNWU. Let A = (l,0) U q(0,i) and let

0 < a < 1. Now P(T e A) - 2e"I - e:d2  and

P(T e QA)P(_ e (1-a)A) - 4e-l + e'i - 2e (a + (1-a)Jf)

- 2e "(1 -O)+a). The fact that e-x  is a strictly convex

function shows that P(T e A) < P(T e QA)P(_ e (1-a)A).

The random vector T is therefore not a SMNWU vector.

The following theorem gives properties enjoyed by

the MNWU class.

Theorem 4.5. The following properties hold for the

MNWU class:

(P1) Let T be an NWU random variable. Then T

is 1-dimensional MNWU.

(P2) Let T -(T,.*..,Tn) be MNWU. Then (Ti ...,Tik)

is k-dimensional MNWU, 1 1 1 i2 < ... < ik ean,

k- 1,,,,,n,

(P3) Let T- (TI,...,Tn) be MNWU. Then (T 1,...,T )

Is MNWU, where T l''''"1 n is a permutation of
(1, ... ,n).

(P4) Let Tm T be MNWU and ai > 0,

i - 1,...,n. Then min a 1TI is NWU.

l~i.i



(Ps) Let T- (T1 ,...,T.) be MNWU. Let g: n-> 

be an increasing nonnegative borel measurable function

ggY) )
such that A t(- A g(f) xall

x,y ERn and all 0 <,a< 1. Then g(T) is MNWU.

(P6) Let T,.oo.,Tk be independent iMNWU vectors of

dimension n , ... ,nk respectively. Then (Tl,...,Tk)

ls (nl+n2+...+nk) - dimensional MNWU.

(P7) Let T1 , i - 0,1,.. be a sequence of MNU vectors

of the same order n. Assume T'- Then To

is MNWU.

Proof. The proof Is similar to that of theorem 2.3. and

is therefore omitted.

Remark 1.6. Note that properties (P2)-(P4i) are all

special important cases of (P5).

Remark 4t.7. In view of (P5) of theorem 2.3 and (P11) of

theorem 1t.5, a random vector T which Is both MNIBU

and MNWM has the property that min a.T. is

exponential for all a I > O, I - 1,...,n. The random

vector in example 41.41 and the IdVE of Marshall and

Olkin (1967) are examples of such random vectors.

Before we study the properties of the SMNWU class

we first observe that a random vector T is SMNWU if

1mJ



and only if

T T

where 0 is a binary increasing borel measurable

function on Rn and 0 < a < 1 (EX denotes as usual

the expected value of the random variable X).

Theorem 4.8. The following properties hold for the

SMNWU class:

(P1) Let T be an NWU random variable. Then T is

1-dimensional SMNWU.

(P2) Let T- (T1 ,o.Tn) be a SMNWU vector. Let

g: Rn -> Rm  be nonnegative increasing borel measurable

g~x) x
function such that (_) for all x e 1n

and every 0 < a <.

(P) Let Ti, i - 0,1,... be a sequence of SMNWU

vectors of the same order n. Assume Tn d>TO.
0

Then T is SMNWU

Proof. (P1) is obvious.

(P2) Let 0 be a binary increasing borel measurable

function on RA and 0 < a < 1. Then



g(T) T T
1- a a)_

E 0(g(T)), where the first equality follows from

properties of g and the second inequality follows

from the property of T.

(P3) It suffices to show that P0To Qtjiu )
It il -

P(T0  a( U Qti))P(T e (1-a)( U %i)), for every
i-l- i=l -

4 vectors t 9 ...,t4 t, 4 = 1,2,... and every

0 < a < 1. Let 0 < a < 1 be arbitrary but fixed
It 1 & 1nnumber. Let G = IA: U Qi, t ,...t e R , 4 = 1,2,

i=l - -
and P(O} e A) = P(T0 e a(A)) = P(T0 e (-a)(A)) 0}

where bA denotes the boundary of the set A. It
ris not hard to show that given B = U %i, there

i=l -

exists a sequence A. e a such that A1 c A2 a ...

and B = ; A_. Now since Tn is SMNWU we have

P(f e Am) > P(Tn e QAm)P(Tn::e (1-a)Am),n - 1,2,...

Taking limits as n -> a then as m -> * we get

P(MO s B) > P(T 0 e aB)P:(T 0  (-c)B). Since a and

B are arbitrarily chosen we have T0  is SMNWU. 11

Remark 4.9. Obvious choices of particular functions g

in (P2) of theorem 4.8. show that the SMNWU class

enjoys properties (P2)-(P4) of theorem 4.5.

---- -- ---- ----



I

Remark 4 .10. Let T = (T 1 ,T 2 ) be a bivariate random

2vector where T 1 and T 2 are independent exponential

random variables with parameter 1 each. It can be

shown that T is not SMNWU. This shows that the

SMNWU does not have the important property (P6) of

theorem 4.5.

We conclude this section by demonstrating that

a certain subclass of SMNWU class is preserved under

mixtures. Recall that if 7 = {FX:IeA} is a family

of distribution functions on Rn and G is a probability

measure defined on a e-Algebra of subsets of A, then

F(t) = j F,(t) dG(X) is a distribution function on

Rn . (It is assumed that for every fixed t, F (t) is

a measurable function on A). The distribution F is

called a mixture of distributions from p.

The following theorem is well known for the case

n = 1 (see Barlow and Proschan (1975)).

Theorem 4.11. Suppose F is a mixture of FX, X e A,

with each FX NWU, and no distinct F,,F, crossing

on (0,&). Then F is NWU.

The following theorem gives a multivariate extension

of theorem 4.11.



Theorem 4.12. Suppose F is a mixture of F., X e A.

Let X ' A be the corresponding probability

measures on a the borel a-field of Rn. Suppose

that for each X, X' - A either U,(A) K a, (A) for

all upper borel sets A of Rn or the reverse inequality

holds. Suppose that for each X, u. is the probability

measure induced by a SMNWU random vector. Then u

is the probability measure induced by a SMNWU random

vector.

Proof. First note that if A is an open upper subset

of R+, then ax(A) is a measurable function of X

and U(A) = TA M,(A)dG(X), where G is a probability

measure on A. Let 0 < a < 1 be given and A be an

upper open subset of R7. Then ak (cLA), U,(l-a)A) are

two similarly ordered functions of X, and by Chebyshev

inequality for similarly ordered functions (Hardy,

Littlewood and Po'lya, (1952)) we have

It follows that a(A) I(A)M((l-)A).II
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